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ABSTRACT: We present twin Higgs models based on the extension of the Standard Model to
left-right symmetry that protect the weak scale against radiative corrections up to scales of
order 5 TeV. In the ultra-violet the Higgs sector of these theories respects an approximate
global symmetry, in addition to the discrete parity symmetry characteristic of left-right
symmetric models. The Standard Model Higgs field emerges as the pseudo-Goldstone bo-
son associated with the breaking of the global symmetry. The parity symmetry tightly
constrains the form of radiative corrections to the Higgs potential, allowing natural elec-
troweak breaking. The minimal model predicts a rich spectrum of exotic particles that
will be accessible to upcoming experiments, and which are necessary for the cancellation
of one-loop quadratic divergences. These include right-handed gauge bosons with masses
not to exceed a few TeV and a pair of vector-like quarks with masses of order several

hundred GeV.
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1. Introduction

In the Standard Model (SM) the Higgs mass parameter receives quadratically divergent
quantum corrections that tend to destabilize the weak scale. This suggests the existence
of new physics near a TeV that resolves this problem. However, precision electroweak
measurements performed at LEP over the past decade have lead to an apparent paradox [I]].
The problem is that these experiments indicate

e the existence of a light Higgs with mass less than about 250 GeV, and also that

e the cutoff A for non-renormalizable operators that contribute to the precision elec-
troweak observables must be greater than about 5TeV.

However Standard Model loop corrections from scales of order 5 TeV are sufficiently large
S0 as to generate a Higgs mass much larger than 250 GeV. This is called the ‘LEP paradox’.
While we cannot rule out accidental cancellations between different contributions to the
LEP measurements, the LEP paradox seems to suggest that whatever the new physics is
that addresses the hierarchy problem, it does not contribute significantly to the precision
electroweak observables. More concretely, there seem to be the three distinct possibilities
as follows.

e There is no new physics below 5TeV. In this case the Standard Model is simply
fine-tuned at the 2-3% level or worse.

e The new physics which stabilizes the weak scale does contribute significantly to pre-
cision electroweak observables, but satisfies the current bounds. In this case the fact
that the Standard Model with a light Higgs is a good fit to the data is merely a
coincidence.



e The new physics which stabilizes the weak scale does not contribute significantly to
precision electroweak observables.

Any complete solution to the LEP paradox should fall into the last category. One such
solution is weak scale supersymmetry, where R-parity suppresses contributions to precision
electroweak observables.

One interesting approach to the hierarchy problem, first proposed in [E, E], is that
the Higgs mass parameter is protected against radiative corrections because the Higgs is
the pseudo-Goldstone boson of an approximate global symmetry. In the last few years
several interesting realizations of this idea based on the little Higgs mechanism have been
constructed [, f] (for a clear review and more references see [fi]). These theories stabilize
the weak scale up to 5-10 TeV. The underlying concept behind little Higgs theories is the
idea of ‘collective symmetry breaking’ — the global symmetry is broken only when two or
more couplings in the Lagrangian are non-vanishing. This is a significant restriction on
the form of the quantum corrections to the pseudo-Goldstone potential, which can be used
to realize natural electroweak symmetry breaking. Models based on this idea where the
corrections to precision electroweak observables are small have been constructed [f], (see
also [§]), and these naturally resolve the LEP paradox.

Recently twin Higgs models, an alternative class of realizations of the Higgs as a
pseudo-Goldstone boson, have been proposed [ —[1]]. These theories also protect the weak
scale from radiative corrections up to scales of order 5 - 10 TeV, but in a manner completely
distinct from little Higgs theories. In the ultra-violet these theories respect a discrete Zs
interchange symmetry in addition to an approximate global symmetry of the Higgs sector.
The Standard Model Higgs field emerges as the pseudo-Goldstone boson associated with
the breaking of the global symmetry. The discrete symmetry is enough to ensure that
any quadratically divergent contribution to the Higgs potential accidentally respects the
global symmetry. The pseudo-Goldstone mass is then at most logarithmically divergent,
allowing natural electroweak breaking to be realized. Corrections to precision electroweak
observables can be naturally small, providing a resolution of the LEP paradox. In the
original incarnation of this idea the discrete symmetry corresponded to the interchange
of every SM particle with the corresponding particle transforming under a mirror SM [J].
These models have the intriguing feature that all of the new physics beyond the SM (or
beyond a minimal extension of the SM [[[1]) is a singlet under the SM gauge groups. Such
new physics will then appear in upcoming experiments purely as missing energy, posing an
interesting challenge for the LHC.

In this paper we present a more minimal realization of the twin Higgs mechanism
that does not involve adding a whole new mirror copy of the SM. Instead, we identify the
discrete symmetry with the parity symmetry associated with the extension of the SM to
a left-right symmetric model [[J]. This directly leads to a class of interesting models with
exciting implications for upcoming experiments.

This paper is organized as follows. In section f] we illustrate these ideas by presenting
a simple model where the symmetries are realized linearly. In section [J we present a more
general non-linear realization and demonstrate that natural electroweak breaking can be



obtained. In section [ we briefly discuss some phenomenological aspects of our model and

suminarize.

2. A linear realization

We illustrate how the symmetries are implemented in these models by considering first a
simplified model where the global symmetry is realized linearly. Consider a complex scalar
field, H, that transforms as a fundamental under a global U(4) symmetry. The potential
for this field is given by

V(H)=-m?H'H+ \(H'H)?. (2.1)

Since the mass squared of H is negative it will develop a VEV, (|H|) = m/V2\ = f,
that breaks U(4) — U(3) yielding 7 massless Nambu-Goldstone bosons. We now break the
U(4) explicitly by gauging an SU(2), x SU(2) g subgroup. Here SU(2), generates the weak
interactions of the SM, while SU(2)r generates the corresponding right-handed interactions
associated with the extension of the SM to the left-right symmetric model. (We defer a
discussion of the U(1)p_1, gauge symmetry.) The field H transforms as

H= (g;) (2.2)

where H, is a doublet under SU(2), that is to be identified with the SM Higgs and Hp is
a doublet under SU(2)g. This Higgs structure is characteristic of Alternative Left-Right
Symmetric Models [[13], (see also [14]).

Since U(4) is now broken explicitly, we expect that the would-be Goldstones pick up
a mass that is proportional to the explicit breaking. Specifically, gauge loops contribute a
quadratically divergent mass to the components of H as
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a loop factor below the cutoff A of the theory. If we now impose parity symmetry the two
gauge couplings have to be equal, g;, = gr = ¢, so that
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6472 6472 H'H (2:4)

which is invariant under U(4) and therefore will not contribute a mass to the Goldstones. In
other words, left-right symmetry constrains the quadratically divergent mass terms to have
a U(4) invariant form. The Goldstones are therefore completely insensitive to quadratic
divergences from gauge loops.

Gauge loops will however contribute a logarithmically divergent term to the potential
that is not U(4) symmetric and has the general form « (|Hy|* + |Hg|*) where £ is of order
g*/167%log (A/gf). Provided A is not very much larger than f this leads to the would-be
Goldstones acquiring a mass of order g2 f /4w which is of order the weak scale for f of order

a TeV.



At this point we note that the Higgs potential of eq. (B.]) actually possesses a larger
global O(8) symmetry of which U(4) is merely a sub-group, and the 7 Goldstone bosons
we have identified can also be thought of as emerging from the breaking of O(8) to O(7).
In particular, this O(8) symmetry includes the custodial SU(2) of the Higgs potential in
the Standard Model.

This approach to stabilizing the weak scale against quantum corrections from gauge
loops can be generalized to include all the other interactions in the SM by making the entire
theory left-right symmetric. The fermionic content of the theory is then three generations of

Qr = (u,d);, =12,1,1/3] Ly = (v,e), =[2,1,—1]

Qr=(u,d)p =[1,2,1/3] Lr=(v,e)p=1[1,2,-1] (2.5)
where the square brackets indicate the quantum numbers of the corresponding field under
SU(2)r, x SU(2)g x U(1)p—r. We see that in addition to the SM fermions the theory
includes right-handed neutrinos as required by left-right symmetry. The Higgs fields have

quantum numbers
Hp =[2,1,1] Hp =[1,2,1] (2.6)

under SU(2);, x SU(2)g x U(1)p_r. The down-type Yukawa couplings of the SM emerge
from non-renormalizable couplings of the form

O HpH! LrHpHI L
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< 2.7)

The up-type Yukawa couplings of the SM emerge from non-renormalizable couplings of the
form

(2.8)

(@ H}T%HLQL + h.C.)
A

When the field Hr acquires a VEV of order f breaking SU(2)g x U(1)p—r, down to U(1)y
these non-renormalizable couplings reduce to the familiar Yukawa couplings of the SM.
Unfortunately, although this works well for the smaller Yukawa couplings, it is not satis-
factory for the top Yukawa coupling which is required to be order one. We address this
difficulty by introducing a vector-like pair of quarks 77, and Tk which have the quantum
numbers

Tr, =[1,1,4/3] Tr =[1,1,4/3] (2.9)

under SU(2)z, x SU(2)g x U(1)p_r,. We can then write the interactions

<y@HLTL +yQLHITR + MT_LTR> + he (2.10)

The right-handed top quark of the SM then emerges as a linear combination of Tz and the
third generation up-type quark in (Jr, while the orthogonal linear combination is heavy.
Provided M < f and y is of order one the physical top Yukawa will then also be of order
one. The parameter M controls the mixing of the left-handed top with the SU(2), singlet
Ty, , and is therefore constrained by Z — b b. However, nothing prevents M from simply
being set to zero and therefore this is not a particularly tight constraint.



The fact that the entire theory is now left-right symmetric ensures that any quadrat-
ically divergent contribution to the Higgs mass has a form oc A%(|HL|?> + |Hg|?) which
is harmless due to its accidental U(4) symmetry. Although quantum corrections to the
quartic are in general not U(4) invariant, once again these only lead to logarithmically
divergent contributions to the mass of the pseudo-Goldstone Higgs field, allowing for a
natural hierarchy between f and the weak scale.

Unfortunately the theory as described above is still not entirely satisfactory. The
reason is that precision electroweak constraints on SU(2)r gauge bosons force the scale f
to lie close to 2TeV or above [[], which tends to reintroduce fine-tuning. While there
may be several possible solutions to this problem, for the remainder of this paper we shall
concentrate on only one. A key observation is that if f indeed lied at 2 TeV, the fine tuning
from SM gauge loops would still be milder compared to the fine tuning that arises from the
top with f ~ 500 — 800 GeV. We would thus like to raise the effective symmetry breaking
scale in the gauge, but not the top sector. We can indeed do just that by introducing an
additional Higgs field H = (Hy, Hg) into the theory, where Hy and Hy have exactly the
same gauge quantum numbers as Hy, and Hpg, but do not have the corresponding couplings
to the SM fermions. We assume that H and H do not couple directly to each other at the
scale A, and further that the potential for H at this scale has the U(4) invariant form

V(H) = —m?H'H+ NH'H)?. (2.11)

Then the Higgs sector of the theory has an approximate U(4) x U(4) symmetry, or more
precisely an approximate O(8) x O(8) symmetry, of which the SU(2)z, x SU(2)r x U(1)p—_1,
sub-group is gauged. If Hp acquires a VEV f > 2TeV breaking SU22)r x U(1)p_p, to
U(1)y then the precision electroweak constraints on this theory from the extra gauge bosons
are satisfied. At the same time, the approximate U(4) x U(4) symmetry implies that the
twin symmetric form of the potential for H is not significantly affected, so that electroweak
symmetry breaking can still occur naturally.

3. A non-linear realization

We now construct a realistic twin symmetric model that implements these symmetries
non-linearly. The pseudo-Goldstone fields of the non-linear model are those which survive
after integrating out the radial modes of the fields H and H in the linear model. We
parameterize these degrees of freedom as
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where hl3, hl-3 are complex and hP, hO are real. The t® are a suitably chosen set of
broken generators. In general the effective theory for these fields will contain all of the
operators allowed by the non-linearly realized U(4) x U(4) symmetry, suppressed by the
cutoff scale A. However, in order to suppress custodial SU(2) violation we assume that the
symmetry which is non-linearly realized is in fact O(8) x O(8). This provides additional
restrictions on the form of the interactions in the effective theory below A, allowing precision
electroweak constraints from higher dimensional operators to be naturally satisfied. If the
theory is strongly coupled at the cutoff we can estimate A ~ 4w f. However, we do not
exclude the possibility that A is less than this. For example, if the UV completion of the
non-linear model is the linear model then A is simply the mass of the radial mode.

In general, any potential for the pseudo-Goldstone fields can only emerge from those
interactions which violate the global symmetries, specifically the gauge and Yukawa cou-
plings. In particular the electroweak gauge interactions and the top Yukawa contribute the
most to the pseudo-Goldstone Higgs potential and must therefore be studied in detail. We
will therefore calculate the contributions to the one loop Coleman-Weinberg (CW) poten-
tial [Id] from these couplings. At one loop the gauge and top sectors contribute separately,
simplifying the calculation.

As before, we gauge the SU(2)1, xSU(2)gr x U(1) g— 1, sub-groups of the global symmetry.
The VEVS f and f break SU(2)g x U(1)5_1, down to U(1)y, giving W and Zg masses of
order gf. One linear combination of the fields Hp and Hp is eaten. The SU(2)r, doublet
R = (h',h?) is left uneaten and is identified as the SM Higgs. The couplings of the
pseudo-Goldstone fields to the gauge fields is given by expanding out H and H in terms of
the pseudo-Goldstones as given by eq. (B.1]) in the interaction

2

+(L—R)| +

U (6“ +igW,. 1 + %g'BH> Hy

2

+(L—R) (3.2)
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where B), is the gauge boson of U(1)p_r. A simple way of calculating the effective potential
is to determine the vacuum energy as a function of the field dependent masses of all of the
fields in the theory. In the absence of quadratic divergences this leads to the formula

Vew = +— > M (1 A—2+§ (3.3)
W o 2T B0 T2 '

where the sum is over all degrees of freedom, the sign being negative for bosons and positive
for fermions. Writing the Higgs potential in the form
V (k) =m2hTh + A\, (hTh)* + ... (3.4)

we find that the contribution to the Higgs mass term from the gauge sector is

3g° M3, A2
m}21|gauge = 39722 L log M‘%V +1 (35)
R
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where MI%VR = 92(f2+f2)/2 and M%R = (¢° +9’2)(f2—|—f2)/2 . Except the term proportional
to the Higgs mass squared, all other contributions to the Higgs quartic from this sector are
small and can be neglected.

We now turn to the top sector. The couplings of the pseudo-Goldstone fields to the
top quark are obtained by expanding out H as in eq. (B.1]) in the interactions of eq. (2.1()
which generate the top Yukawa coupling. The h dependent masses of the fields in the top
sector are determined from this and can be expressed as

ytf?

2 _ 2 _ ar2 242
mQ_M2+y2f2hTh mp = M"+y°f

(3.6)

to leading order in |h|?/f2, where we have assumed for simplicity that y is real. This leads
to the following contributions to the Higgs potential of eq. (B.4).

3 A2
M |top = —WyfmZT <1Ogm + 1> )

T
2 2 2
_ Mylop 3 47 My 4 A
Anltop = — 372 + = (yt log m% + 2y* log o
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where 3, is defined by
Yt = —ny
/MZ+ 2 f2

This completes the determination of the one-loop potential for the SM Higgs. One may

(3.8)

worry that corrections to the SM Higgs mass squared of order ¢ f? may arise at higher
loop order [[(]. However, we show in the appendix that this is not the case.

It is also necessary to show that the other pseudo-Goldstone fields in H and H also
have positive mass squareds. It is straightforward to ensure that H; has positive mass
squared by adding to the potential a term /121:1'2[:[ 1 where [i is of order f. Such a term
breaks both parity and the approximate U(4) symmetry of the potential for H , but only
softly. It is therefore technically natural for ji to be smaller than A.

What about the fields in Hp and Hg? Of these six fields, three are eaten and become
the longitudinal components of the right-handed gauge bosons while the remaining three
remain light as pseudo-Goldstone bosons associated with the breaking of the approximate
U(2)r x U(2)r symmetry of the Higgs potential. Of the light fields, two carry electric
charges of +1 and -1 while the last is neutral. The electrically charged fields acquire
positive mass squareds from the gauge interactions which violate U(2)r x U(2)g, but the



Acevy | faevy | ferevy | M(cev) VB@ev) | mpcev) Tuning
10 800 4.29 150 50 174 0.117
6 500 2.27 150 50 172 0.270
5 800 4.68 150 50 155 0.124

Table 1: A summary of the Higgs mass and fine tuning, d logM2/0 logf?, for sample points of
parameter space. The largest fine tuning is associated with f.

neutral state remains massless. In order to give it a mass we add to the potential a term
B HLFIR where V/B is of order 50 — 100 GeV or so. Since this is the only term in the
Lagrangian which breaks the discrete symmetry Hp — —Hp it is technically natural for it
to be small.

In this non-linear model, the absence of quadratically divergent contributions to the
Higgs mass can be understood as a consequence of cancellations between the familiar SM
loop corrections and new loop corrections that arise from the (mostly non-renormalizable)
couplings of the Higgs to the twin sector.

We are now in a position to estimate the fine-tuning in this class of models. Unfortu-
nately, for a fixed value of the cutoff A, the precision of this estimate is necessarily limited
by the fact that the answer is sensitive to the exact relation between f and A, which in a
strongly coupled theory depends both on the detailed dynamics of the theory and also on
the physical observable under consideration. A naive estimate gives A ~ 4w f. However,
it was shown in [L0] that in the linear model, in the absence of the radial mode, unitarity
is saturated at A ~ 27 f. Therefore, in order to get some sense of the fine-tuning we will
allow for both possibilities, considering points in parameter space satisfying the relation
A = 4rnf as well as points in parameter space satisfying the relation A = 27 f.

For f = 800GeV, A ~ 4dnf ~ 10TeV, M = 150 GeV, vB = 50 GeV we find that in
order to obtain the SM values of My and Mz we need f ~ 4.29 TeV. The Higgs mass is then
about 174 GeV. Estimating the fine-tuning as 0 logM%/(? log f? we find that it is of order
12% (1 in 8). Similarly for f = 800 GeV, A ~ 2rf ~ 5TeV, M = 150 GeV, vB = 50 GeV
we find that in order to obtain the SM values of My, and Mz we need f ~ 4.68 TeV. The
Higgs mass is then about 155 GeV. Estimating the fine-tuning as d logM 2%/ logf? we find
that it is of order 12% (1 in 8). These and other results are summarized in table [ This
shows that these models stabilize the weak scale up to about 5 TeV.

To what extent does the absence of a tree-level quartic affect the fine-tuning in these
theories? To understand this, consider a theory with a single light Higgs doublet at low
energies and a scalar potential of the form

V(h) = mihTh + A, (hTh)? (3.9)

In terms of these parameters the electroweak VEV v = /|mp|?/2\;, and the physical
Higgs mass, which we denote by my, phys, is given by v2|my|. In our model, the dominant
contribution to the Higgs mass parameter m% arises from the top Yukawa coupling. If we
denote this contribution by m%|top, a good estimate of the fine-tuning may be obtained



by considering the ratio m37 /m?|ip. This is equal to miphys /(2 m2|top). Now, is clear
from table [I] that my phys in our models is of order 150 GeV or larger. Since precision
electroweak constraints require the Higgs to be lighter than about 250 GeV, the potential
improvement in fine-tuning in our model from a tree-level quartic in the region of parameter
space where the LEP paradox is addressed is at most of order (250)2/(150)? ~ 3, and close
to 2 for most of the points in the table.

The preceding analysis enables us to compare the fine-tuning in our model to that in
little Higgs theories with a tree level quartic. For concreteness we focus on the little Higgs
model of Kaplan and Schmaltz [[[7], for which the pattern of symmetry breaking, SU(4)* —
SU(3)%, is most similar to ours, and for which f and A can therefore be defined in close
analogy. In this theory the low energy spectrum contains two Higgs doublets, of which
only one couples to the top quark. In the limit where this doublet is significantly lighter
than the other we can obtain a simple estimate of the fine-tuning. To do this we calculate
m? |top for the light doublet, and compute m%’phys /2 (M3 |top), setting M, phys tO its upper
bound of 250 GeV. The gauge symmetry is SU(3)c x SU(4) x U(1)x, where SU(4)xU(1)x
is broken down to the familiar SU(2);, x U(1)y of the Standard Model. The top Yukawa
coupling emerges from couplings of the form

|:y1§H7f1 + yQGFItQ + hC] (3.10)

The gauge quantum numbers of these fields under SU(3)¢ x SU(4) are Q = [3,4], t1,t2 =
[3,1] and H,H = [1,4]. The third generation quark doublet of the Standard Model is
contained in ) while the right-handed top quark emerges from a linear combination of
t1 and to. The light Higgs doublet emerges as the uneaten linear combination of the
doublets in H and H, which may be expanded out exactly as in eq. (B.1]). Then a simple
calculation [[[§] shows that for this theory, the divergent part of m%hop is bounded from
below as

Byif?, A

82 logﬁ

i, liop| > 2 (3.11)

where we have assumed f < f without loss of generality. This must be compared against
the contributions to m?|sop in the twin Higgs model as given by eq. (B.7). We see that for
small M, assuming fixed values of f and A, the value of m?|sop in the little Higgs model is
larger by a factor of 2 or more. From this it follows that in spite of the absence of a tree-level
quartic in our model, for fixed values of f and A, the fine-tuning in the two models is in
fact quite comparable. However precision electroweak constraints on the twin Higgs model
are much weaker due to the absence of SU(4) gauge bosons, which means that much lower
values of f are experimentally allowed than in this little Higgs model. This translates to
a significant improvement in fine-tuning over the little Higgs case. Some models based on
collective symmetry breaking where the bounds from precision electroweak measurements
are weaker and which admit low values of f have been constructed, for example, [[7, [[9]. A
study of the relative fine-tuning with respect to these models is left for future work.



4. Phenomenology

These models predict a rich spectrum of light exotics which can be detected in the next
generation of collider experiments. These include

e the right-handed gauge bosons, which have masses not to exceed a few TeV, and
which couple with the same strength as the gauge bosons of SU(2)z,

e the vector-like quarks Ty, and T which are expected to have masses of several hundred
GeV

e the charged pseudo-Goldstones from Hpg and H R, which have masses not to exceed

a few hundred GeV

e the neutral pseudo-Goldstone from Hp and Hp, which also has mass of order a hun-
dred GeV

A detailed study of the collider signatures of this model is left for future work. Since
H; — —Hp, is an exact symmetry of the model the neutral component of this field is a
natural dark matter candidate.

We now turn to the question of how neutrino masses are generated in this model.
Dirac neutrino masses arise from the operator [(L RH;H Lr/A) + h.c.] while the operator
(LrHrHRLR)/A + h.c.] generates a Majorana mass for the right-handed neutrinos. This
allows the SM neutrinos to get a Majorana mass of the right size through the see-saw
mechanism [R()], provided the coefficient of the operator which generates the Dirac neutrino
mass is small ~ 1075,

In summary we have constructed a new class of twin Higgs models based on parity-
symmetric left-right models which stabilize the weak scale against radiative corrections up
to scales of order 5 TeV. These theories make definite predictions for exotic particles that
can be detected in the next generation of collider experiments, and admit a natural dark
matter candidate.
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A. 2 loop diagrams

In [I]] it was pointed out that in the strong coupling limit of the linear model one expects
two loop contributions to the U(4) violating quartic, |[Hp|* + |Hg|*, of order g?. One can
see that such contributions might be present by inspecting 2-loop diagrams such as those
of figure [] that are of order g?A?/(16m2)? and taking \ to its NDA value of (47)%. The
presence of such a large quartic would imply that in the strong coupling limit the Higgs
mass in our model (and in the model of [fJ]) is close to the upper bound allowed by precision

,10,
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Figure 1: Representative graphs that contribute at order ¢g2A?/(1672)2. Summing all such dia-

grams yields an SU(4) symmetric quartic.

electroweak data. Moreover the exact Higgs mass would be uncalculable. In this appendix
we show that summing all of the relevant 2-loop graphs in fact yields a U(4) symmetric
quartic. In the next appendix we show that this is not an accident but can be understood
as a consequence of a symmetry argument which can be extended to all loop orders.

The 2-loop diagrams that will potentially contribute at order g may be divided into
four subcategories as follows: (a) the gauge boson connects between two external legs,
(b) the gauge boson connects an internal and an external scalar leg, (c¢) the gauge boson
connects to a common internal leg, thus correcting the scalar propagator, and (d) the gauge
boson connects between two different internal legs. A representative of each group is shown
in figure f|. Because only the SU(2) 1, x SU(2) g subgroup of U(4) is gauged, we only consider
diagrams where the gauge bosons are exchanged between a pair of fields labeled L or R and
not when the exchange is between L and R. Note that we can ignore contribution form
B — L gauge boson exchange because the B — L charges of the Higgs fields respect U(4).

To show that the 2-loop quartic is U(4) symmetric we can factor a common phase space
integral from each category of diagrams and focus our attention to symmetry factors, signs,
and group theory coefficients. In particular, a relative sign difference between diagrams
arises when a gauge boson is exchanged between two H’s versus the case where it is
exchanged between an H and an HT. In order to show that the quartic is U(4) symmetric
we need to show that the |Hp|?|Hg|? quartic is twice as large as the |Hp|*.

The quartics arising from graphs of type (a) are 1-loop corrections to to an already
U(4) symmetric (1-loop) quartic due to the derivative interaction of the gauge boson. It
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is then sufficient to show that the |Hp|* and |Hp|?|Hg|? are renormalized in the same
way. There are 6 diagrams with identical kinematics that contribute to |Hy|*, however
two of them have a relative minus sign giving a total symmetry factor of 4 — 2 = 2. The
|Hp|?|HR|? receives contribution from just two graphs that have an identical phase space
structure. The relative factor of 2 between the two types of factors is thus preserved.

The diagrams of type (b) can be shown to sum to zero. This can be seen by noting that
for any given diagram where the gauge boson connects to an Hy, (Hg) on the external leg,
one can draw a different diagram in which the gauge boson connects to Hz (H;[z), yielding
a relative minus sign. The sum of all such diagrams cancels in pairs.

The contribution from diagrams of type (c) are also trivially U(4) symmetric since the
gauge boson loop is merely a correction to the propagator which respects U(4) due to the
conserved Zy symmetry. U(4) is thus not violated by such diagrams.

The most non-trivial cancellation occurs in diagrams of type (d). For brevity we will
simply quote the result here and present a more instructive proof in the next appendix.
The |Hp|* receives a contribution proportional to 1502¢? (here the relative sign between
some diagrams plays an important role). The contribution to |Hg|?*|H|? is proportional to
30A\2¢2. The constants of proportionality in both cases are a common phase space integral.
The overall quartic from this class of diagrams is thus U(4) symmetric as well.

As mentioned above, the U(1)p_1, contribution is U(4) symmetric because these two
groups commute. However in [ff] the U(1) gauge structure is different. There two sets
of hypercharge, A and B were gauged. One can use the same arguments for diagrams of
type (a)-(c) and explicitly calculate those of type (d) to find that diagrams with hypercharge
gauge boson exchange do not contribute an U(4) violating quartic either.

B. Higher order corrections

We now demonstrate that in the non-linear model there are no corrections of order g% f? to
the mass of the pseudo-Goldstones at any order in perturbation theory. In particular the
cancellation of the two-loop diagrams in the previous section is not accidental, but instead
follows from a symmetry argument.

Consider first the linear model. We will show that no U(4) violating potential terms
are generated for H at order g?. We start first with U(1)p_r. At order g’ we have the
following interaction between H and B,,.

S9'B, (0" H] Hy + 0" ], Hp — H] 9" H}, — H], 0 Hg| (B.1)

We see that the couplings of B, at order ¢’ are invariant under the U(4) symmetry under
which H = (Hp, Hg) transforms as a fundamental. Then the only terms in the potential
which can be generated from this interaction have the form of HTH raised to some power,
which is U(4) invariant.

At order g”? we have the interaction

2
%BLB’“ [H}HL + H},Hpg (B.2)
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which is also manifestly U(4) invariant and will not generate U(4) violating terms in the
potential.

We now turn to the interactions of H with the gauge bosons of SU(2);, and SU(2)xg.
Decompose W), 1, = 1/2 Whpt Wyr=1 /2 W pT® where a runs from one to three and
the 7% are the Pauli matrices. Since the gauge boson propagator is diagonal in the index a,
to order g2 we are free to consider a = 1, a = 2 and a = 3 separately. For now we therefore
focus only on the interactions of H with W;’ ;, and ij p- At order g these take the form

S9Wiy orm] P H, - H] o,

+5 g Wig [0"Hf 7 He — H 7 0" Hyl (B.3)

We can rewrite this interaction in terms of a new set of variables. Expanding out Hy =
(Hri,Hre), Hr = (HRg1, Hro) we can define

Hjz = (Hp1, Hr1, Hig, Hyo)

Hj_ = (Hr1, Hpa, Hiy, Hpy) (B.4)
Further, define
1
Wi+ = 9 [Wu,L + WMR]
1

Note that the gauge boson propagators are diagonal in the W, ., W, _ basis. In terms of
these new variables eq. (B.J) becomes

)
99 WE,Jr [8“H:;r,+ Hs . — H§,+ 8“H37+]

T+ g Wi [0 Hy — H]_ 0" H_| (B.6)

We see that the couplings of Wi 4 at order g are invariant under a U(4) symmetry under
which H3 ; transforms as a fundamental. Therefore the only potential terms which can
be generated from this interaction at order ¢? have the form of H; L H3 =H YH raised

to some power. Similarly the couplings of W?’, at order g are invariant under a different

U(4) symmetry under which Hs _ transforms as a fundamental. Again the only potential
terms this allows at order g? have the form of H;_Hg,_ = H'H raised to some power.
Although the argument we have just given applies only to ij ;, and W;’ R it generalizes in
a straightforward way to the other components of the SU(2);, and SU(2)r gauge bosons,
since the different contributions can be related to each other through SU(2) rotations.

We now consider the interactions of H with W, ; and W, g at order g%. These take
the form

G HIW, (WHEHL + g?HEW, sWH T Hp (B.7)
We rewrite the relevant terms in this interaction in terms of W, y and W, _ as
GH| (Wt W+ W, W) Hy
+PH, (W, s WHT + W, _WH™) Hy (B.8)
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where we have dropped ‘mixed terms’ such as H EW%JF WH:~ Hy, which cannot contribute to
the quartic at order g?. From eq. (B.§) we see that the remaining terms are invariant under
a U(4) symmetry under which H = (Hy, Hg) transforms as a fundamental and therefore
only give rise to a U(4) invariant potential terms at order g2. This completes the proof
that in the linear model U(4) violating potential terms are not generated at order g2 to
any order in perturbation theory.

We now consider the effect of adding arbitrary non-renormalizable interactions to the
linear model. The additional terms are assumed to be invariant under O(8), with the
SU(2)r, SU(2)r and U(1)p—r, subgroups gauged. In general these new terms can be con-
structed by making Lorentz invariant contractions or products from gauge invariants of the
form

[DoDg...H]' [D\D,...H] + h.c. (B.9)

where the number ‘n’ of gauge covariant derivatives D(J& acting on HT and the number ‘m’
of gauge covariant derivatives D) acting on H are both arbitrary. Hermitian conjugation
is necessary for O(8) invariance. Let us first consider the interactions between H and the

SU(2) gauge bosons at order g. We take as a representative term

[O"HI o™ (igWLHL) + 0"H L™ (igWrHR)]
+ [h.c] (B.10)

where for simplicity we have suppressed all Lorentz indices. Once again, we go to the
W, WH™ basis and restrict our consideration to the third component of the W’s. Then
the interaction above can be rewritten as

19 on m— n e
o ] o (Wi )+ 000" (Wi )]
+ [h.c)] (B.11)

We see that to order g all the interactions of WS 4 with Hs | are invariant under a U(4)
with H3 _
are also invariant under a U(4) symmetry to order g. Then to order g? the only potential

symmetry as in the simple linear model. Similarly all the interactions of W37

terms that can be generated from these couplings have the form of the U(4) invariant HTH
raised to some power.
We now consider the interactions between H and the SU(2) gauge bosons at order g.

We take as a representative term

[O"H}o™=2 (gWp,)* Hy, + 9"HLI™ 2 (gWg)? Hp)
+ [hc] (B.12)

This can be rewritten

[6”H26”“2 (W Wy + *W W) HL} + (B.13)

[a"H;am—z (W, W + W W) HR} + [hel
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where we have dropped the terms that involve products of W and W_ because they do
not contribute at order g?>. The remaining terms are invariant under a U(4) symmetry
under which H = (Hp,, Hg) transforms as a fundamental and therefore only give rise only
to U(4) invariant terms at order g2, just as in the simple linear model.

We have therefore shown that the SU(2) gauge interactions do not generate a U(4)
violating terms in the potential to order ¢? at any order in perturbation theory. One can
summarize this proof as follows. Every gauge generator 7¢ breaks the global O(8) symme-
try in the Higgs interactions down to a global SU(4) subgroup, which is different for every
generator. Every such SU(4) is enough to forbid the |Hp|* + |Hg|*. Therefore, in order
to generate this quartic two different gauge generators must be involved. However, since
the different gauge bosons do not mix via the kinetic terms, any contribution that involves
two generators will be proportional to g*. It is straightforward to include U(1)g_y, in this
argument using the same methods. It follows that adding arbitrary non-renormalizable in-
teractions to the linear sigma model does not result in U(4) violating terms in the potential
at order ¢g?. Since the general non-linear model with the symmetry properties we desire
may be obtained by integrating out the radial mode from this model, it follows that in the
non-linear model the pseudo-Goldstones do not acquire a mass at order g to any order in
perturbation theory. Although the pseudo-Goldstones do acquire a mass at order g* from
states at the cutoff this is always further loop suppressed, and is expected to be smaller
than the logarithmically enhanced contribution calculated in the body of the paper. The
very same arguments can be applied to the mirror twin Higgs model of ref [[J| to establish
the absence of corrections to the pseudo-Goldstone potential at order g2.
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